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Predictions of Turbulent Mixing in Axisymmetric
Compressible Shear Layers
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Models are described for the turbulent mixing of compressible, axisymmetric shear layers. The models assume
that the mixing process is dominated by large-scale coherent structures. These large-scale structures are described
locally as linear instability waves. Calculations are made for the development of the axisymmetric shear layer as
a function of freestream Mach numbers and velocity and density ratios. The predictions for the axisymmetric
shear layer are compared with both experimental measurements and predictions for a plane shear layer. The
effects of the initial thickness of the shear layer and the initial amplitudes of the large-scale structures on the
growth of the shear layer are examined. The effect of the description of the mean velocity profile is considered.

I. Introduction

I T is now acknowledged generally that the mixing process in
low-speed free shear layers is dominated by large-scale

structures. Turbulent mixing is observed to consist of an en-
gulfment process that captures large quantities of unmixed
fluid and transports them across the shear layer. Many studies
using flow visualization,1 conditional sampling,2 and con-
trolled excitation techniques3'4 have led to a better understand-
ing of the structure and role of these large-scale structures.
However, few turbulence models have been developed that
make use of the importance of these structures. The present
model assumes that large-scale structures continue to control
the mixing process at high speeds, though the nature of the
structures may change with the operating conditions. Lepicov-
sky et al.5 showed that both helical and axisymmetric struc-
tures are present in supersonic jets. Papamoschou and
Roshko6 have observed large-scale structures in supersonic
shear layers, though their degree of organization appears to be
less than that observed at low speeds.

In the present model, the large-scale structures are modeled
locally as linear instability waves. There are many experimen-
tal studies in both jets and shear layers that demonstrate that
when the large-scale structures are phase locked by external
excitation, to permit their characteristics to be observed more
easily, their local distributions of amplitude and phase are
modeled remarkably well by a local, linear, in viscid stability
analysis. Examples may be found in Gaster et al.3 and Pe-
ter sen and Samet.4 In addition, other analyses based on the
modeling of the large-scale structures in jets and shear layers
as instability waves have been successful in the description of
the noise radiation from supersonic jets (Refs. 7 and 8) and the
effects of acoustic excitation on jets (Ref. 9). Morris et al.10

have argued that it is the linear contributions to the vortex
forces in a turbulent flow that dominate the interaction be-
tween the fluctuating and mean flows. The present model for
turbulent mixing in compressible axisymmetric shear layers is
an extension of this last work. Thus, some details of this
model are given here.

Morris et al.10 assumed that the characteristic shape of the
mean velocity and density profiles were known. The develop-
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ment of the mean flow could then be described in terms of
local scales: the width of the shear layer and the location of the
half-velocity point. The integral mean momentum and me-
chanical energy equations then yielded ordinary differential
equations for the stream wise evolution of these scales. The
large-scale structures were modeled as a superposition of in-
stability waves. The local characteristics of these waves were
determined from the solution of the linear, inviscid, stability,
or Rayleigh equation. Two models were used to simulate the
development of the shear layer. In the first, which modeled the
average evolution of the shear layer, the large-scale turbulence
spectrum was represented by a random superposition of insta-
bility waves with a broad range of frequencies and spanwise
wave numbers. In the second, the subharmonic evolution
model proposed by Ho and Huang11 was used to represent the
passage of a single train of large-scale structures. In this case,
the large-scale structures were described by the sum of a set of
discrete frequency waves. The frequencies corresponded to the
initial shedding frequency and its subharmonics. The process
of energy transfer from the large to small scales was described
by two very crude models. In the first, the energy associated
with a given wave was removed at the streamwise location
where it became neutrally stable according to linear theory. In
the second, the wave was permitted to decay smoothly with the
use of a simple eddy-viscosity model. There was little differ-
ence between the predictions for the mean flow development
based on these two models. Thus, it was shown that the details
of the energy transfer process are relatively unimportant to the
development of the flow at the large scale. Since the instability
waves are determined locally from a linear analysis, this does
not provide a prediction of their amplitude. This was obtained
from the energy integral equation for the large-scale fluctua-
tions. Thus, the development of the large-scale structures was
determined from a weakly nonlinear analysis. Predictions of
the rate of growth of the shear layer as a function of free-
stream Mach numbers and density and velocity ratios showed
excellent agreement with experiment. Predictions of the time-
dependent flow at the large scale based on the subharmonic
evolution model showed qualitative agreement with experi-
mental observations. It is important to note that these models
contained no empirical constants. Thus, some confidence can
be felt that the important physical processes that control the
mixing in free shear flows were captured.

A number of recent studies, such as those by Zhuang et
al.,12 Sandham and Reynolds,13 and Ragab and Wu,14 have
shown how the decrease in the rate of spread of a shear layer
with increase in the convective Mach number may be corre-
lated with the maximum amplification rate predicted by linear
instability theory. The present analysis for the axisymmetric
shear layer and that of Morris et al.10 for the plane shear layer
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show why this correlation is to be expected. In addition, these
latter models make predictions of the absolute rate of growth
of the shear layers not their rates of growth relative to their
incompressible values.

In the next section, the model equations are derived and the
assumptions of the model are presented and discussed. Section
III describes the calculation procedure and the results. Predic-
tions are made for the effect of freestream Mach number and
velocity ratio on the growth of the axisymmetric shear layer.
The effects of the choice of initial shear layer thickness and the
initial amplitudes of the instability waves are shown. The
effect of the choice of shape for the mean velocity profile is
also described. Comparisons between the predictions and ex-
perimental measurements in both plane and axisymmetric
shear layers are presented. Section IV provides a discussion of
the predictions and a description of ongoing extensions to the
models.

II. Model Equations
In this section, a brief derivation of the model equations for

the turbulent mixing of a supersonic jet in a coflowing stream
are presented. The equations are written in cylindrical polar
coordinates (r, 6, z) with the origin at the center of the jet exit
and the z axis aligned with the jet centerline. The jet is as-
sumed to be operating on-design and the mean static pressure
is taken to be constant throughout the flow. It is also assumed
that the local Mach number is sufficiently low for the density-
velocity correlations to be neglected with respect to the veloc-
ity-velocity correlations in the mean equations. This follows
the arguments of Morkovin15 and Bradshaw.16 In the latter
study, which considered free shear flows, it was argued that a
local Mach number of 1.5 was the upper limit for the neglect
of these correlations. Recently, Morkovin17 has emphasized
the differences between Mach number effects in boundary
layers and free shear layers. In the latter case, the limit on the
upstream region of influence may have a profound influence
on the turbulent structure. For example, coherent vortex roll-
up might be inhibited. It is these kinds of dynamic effects that
may be modeled in the present approach that may not be
described by traditional Reynolds stress closure schemes.

The averaged inviscid, compressible equations of continu-
ity, momentum, and mechanical energy are simplified using
an order of magnitude analysis for thin shear layers. The
resulting equations may be written as,

1 d(pur) d(pw)
dr idz

__dw _ dw 1 d(pu 'w'r)
pu— + pw—- - - - ——-———

dr dz r dr

pu-
_dw^

~dr~ - pw- aw2

dz
2w d(pu 'w'r)
7" 3r

(1)

(2)

(3)

The overbar denotes a long-time averaged quantity and the
prime denotes a fluctuation about this mean; (u, v, w) are the
velocity components in the (r, 6, z) directions, respectively.
All of the variables have been nondimensionalized with re-
spect to the jet exit velocity wj9 the jet exit density py, and the
jet exit radius ry-.

It is assumed that the mean velocity in the axial direction
and the mean density may be written in a self-similar form
such that,

(4a)

where

7? =-
r-h(z)

b(z)

(4b)

(4c)

Here, R = w2/Wj is the velocity ratio and s = p2/pj is the
density ratio, where w2 and p2 are the axial velocity and density
in the coflowing stream, respectively. Also, h(z) and b(z) are
the potential core radius and the half-velocity thickness of the
jet, respectively.

The assumed forms of mean velocity and density profiles
may be substituted into the governing equations (1-3), and the
spatial derivatives may be rewritten in terms of the similarity
coordinate 77. The continuity equation is then integrated to
yield an expression for pu. This is substituted into the momen-
tum and energy equations. These equations are then integrated
with respect to y from the jet axis to infinity. Integration by
parts gives the following equations,

(5)

dz

= 2 (6)

where /3i, /32, /33, and /34 are integrals involving the mean
velocity and density shape functions/(r/) and #(77). They are
defined in the Appendix. If Eq. (5) is integrated with respect to
z and the initial conditions are imposed that h (0) = 1 and
b(Q) = 0, an algebraic relationship may be obtained between h
and b. This may be written as,

(1 - R)(h2 - 1) + 2hb/3l + 2b2p2 = 0 (7)

This may be used to eliminate dh/dz from Eq. (6) and provide
a single ordinary differential equation for db/dz. The integral
on the right-hand side of Eq. (6) represents the rate of produc-
tion of turbulent energy. This term has to be modeled in order
to predict the development of the mean flow.

As discussed in the Introduction, the large-scale structures
are assumed to dominate the turbulent mixing process in free
shear flows. In addition, these structures may be described by
a superposition of instability waves. The form of these wave-
like fluctuations is taken to be

exp[/(cxz (8)

where </>' is any large-scale fluctuation, A (z) the amplitude of
the instability wave, co the (real) radian frequency, a the (com-
plex) axial wave number, n the azimuthal mode number, and
(R denotes the real part of a function. Fluctuations of this
form are introduced into the linearized Euler equations. A
locally parallel approximation is made for the mean velocity
and density. The fluctuating pressure is then found to satisfy
the compressible Rayleigh equation,

d2/? l
dr2

2oi1 dp
p dr (aw - co) dr dr

dwldp

+ pMj(<xw - u)2 - — 0 (9)

In regions of constant mean flow properties, that is, in the
potential core or in the fluid surrounding the jet, the solutions
to Eq. (9) are of the form,

P =
for r < h
for r-*oo

where

-co)2

(10)

(11)

(12)
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The branch cut for the square root of \0 is chosen to insure
decaying solutions or outgoing waves as r^oo. jn is the Bessel
function of the first kind and order n, and H^ is the Hankel
function of the first kind and order n.

An equation for the axial development of the instability
wave amplitude A (z) may be obtained from the kinetic energy
equation for the large-scale motions. This may be obtained by
subtracting the mean energy equation from the instantaneous
energy equation. In Cartesian tensors, the kinetic energy equa-
tion for the large-scale structures may be written as,

dk du IP '
(13)

where k = u \ u \ /2. The first term on the right-hand side rep-
resents the production of large-scale kinetic energy and the last
two terms represent the pressure work. At this stage, it would
be possible to integrate the equation with respect to r to obtain
the energy integral equation. However, in the present case, as
will be seen later, it is convenient to rearrange the equation as
follows. The last term in Eq. (13) may also be obtained by
multiplication of the energy equation for the large-scale mo-
tions by p '. The time average of the resulting equation may be
written as,

tdui_ Mt 9 ,_^~ ^n^L (14)

Now, for a parallel mean flow, or a mean flow in which the
mean density or temperature does not vary significantly, the
last term in Eq. (14) may be neglected. Then, with Eq. (14),
the integration of Eq. (13) with respect to r from 0 to oo yields,

w'p' Aff dr

dw
= - I pu 'w' —r dr (15)

It should be noted that the terms on the left-hand side of Eq.
(15) represent both the integrated kinetic energy flux and the
pressure work. Though, in this form, there is no distinction
between transport and source terms, it is a convenient form
for the present models.

Substitution of fluctuations of the form of Eq. (8) into Eq.
(15) yields,

— [b2A2Il] = -
dz

(16)

where k\ and k^ are defined in the Appendix, and /i is given by

\-pw(\a\2+ \v\2+ \w\ wM2

— — L \ p \ 2

4p

rdr (17)

Since the local descriptions of the fluctuations are obtained
from a linear equation, they may be normalized in any conve-
nient manner. In the present case, they are normalized such
that,

/i = 1 (18)

It should be noted that Eq. (16) is valid for either a parallel or
a diverging mean flow. If the flow were actually parallel, then
the rate of change of amplitude with downstream distance
would be related to the imaginary part of the eigenvalue. That
is,

1 cL42

Ti ~T~ = ~ 2oii
A2 dz (19)

Since, in the present calculations, the large-scale structures are
approximated locally by a parallel flow approximation, it is
clear that the integrals on the right-hand side of Eq. (16) are
given by

b(z)k2(z) + h(z)kl(z) = 2b2(z)at(z) (20)

Thus, it is not necessary to calculate the eigenfunctions and
perform the integrations to obtain ki and k2 in order to calcu-
late the development of the mean flow. Substitution of Eq.
(20) into Eq. (16) then yields,

cL42 ,
—— = -2 U / + - — U2

dz i b dz) (21)

The preceding analysis provides a simple correction for the
effects of flow divergence on the growth of the instability
waves. However, it should be noted that the prediction of the
effects of flow divergence based on a multiple scales technique
also uses the parallel flow approximation eigenfunctions to
determine the first-order correction. The present method of
correction is equivalent to the energy method perturbation
technique.

It should be noted that the integrals on the right-hand sides
of Eqs. (6) and (15) are identical except for a change of sign.
Thus, the integral on the right-hand side of Eq. (6) may also be
related to the amplitude of the instability waves and the local
eigenvalues. Equations (5), (6), and (21) may now be used to
describe the axial development of the mean flow and the
instability waves. As described earlier, two models are used
here. In the first, the broadband model, which simulates the
average development of the mean flow, the large-scale struc-
tures are represented by a broad spectrum of frequencies and
azimuthal mode numbers. The evolution of each spectral com-
ponent is assumed to be given by Eq. (21), and the develop-
ment of the mean flow is controlled by the total transfer of
energy to the large-scale motions. If h(z) is eliminated be-
tween Eqs. (5) and (6), the following set of equations for the
axial evolution of the mean flow and the instability wave
amplitudes may be obtained,

b dz
db 4b2 N

— = —— £dz K3 n = -

(22)

(23)

In this case, the amplitude A(z) represents a spectral density
component of the axial flux of large-scale energy. The expres-
sion for &3 is given in the Appendix. In the case of the subhar-
monic model, the evolution equations may be written as,

4b2 f "
T~ £ £K3 n=-Nj=l

(25)

where the subscript j refers to they'th instability wave. In both
models, it has been assumed that there is sufficient jitter in the
phase between the different spectral components so that
strong inter component coupling does not occur. M represents
the number of subharmonic components in the model, and N
represents the number of azimuthal modes.

In the case of a two-dimensional shear layer, the equivalent
equations in the subharmonic model case are given in Ref. 10
as,

(26)

(27)
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where an expression for k4 is given in the Appendix, and x is
the downstream distance. In the two-dimensional case, dBf
represents the energy flux per unit width of the shear layer for
the yth instability wave. In the axisymmetric case, 2irb2Af
represents the total energy flux of the yth instability wave at a
given axial location. In the two-dimensional model, the local
similarity coordinate takes the form,

(28)

where yo(x) is the location of the half-velocity point, and d(x)
is a measure of the width of the shear layer.

In the next section, the evaluation of the coefficients in
these equations for both the axisymmetric and plane shear
layers is described, and predictions for the axial evolution of
the mean flow and the instability wave amplitudes are given.

III. Calculation Procedure and Results
Before proceeding with the calculation of the axial develop-

ment of the axisymmetric shear layer, it is necessary to specify
the shape of the mean velocity and density profiles defined in
Eq. (4). The shape function for the mean velocity is taken to
be of the form,

if r /<0
if 17 >0

(29)

The mean density is related to the mean velocity by a Crocco-
Busemann relationship. This assumes a Prandtl number of
unity and constant mean static pressure. Then the mean den-
sity is given by

= I - /
1

(l-R)
-w

+ -

K(\-R2) (30)

where K - (y - \)M2/2. In the two-dimensional case, the
mean velocity profile is represented by

=l/t(l+ tanh 77) (31)

unless noted otherwise. As a common basis for comparison of
the spreading rates of the two-dimensional and axisymmetric
shear layers, the vorticity thickness 6W is used. This is defined
as the velocity difference divided by the magnitude of the
maximum velocity gradient. For the chosen form of velocity
profiles, it is readily shown that,

= 1.4006 =25 (32)

For a given set of operating conditions, M/, R, and s, the
Rayleigh equation (9) may be solved for various values of local
thickness b(z) for each azimuthal mode number and fre-
quency. The relationship between b(z) and the potential core
radius h(z) is given by Eq. (7). A fifth-order Runge-Kutta-Fel-
berg algorithm is used to integrate Eq. (9) from the edge of the
potential core (rj = 0) outward and the outer edge of the jet
shear layer (r; « 3.2) inward. The forms of the initial condi-
tions are given by Eq. (10). At the half-velocity point, rj = 1,
the numerical solutions are matched to find their unknown
coefficients. For a nontrivial solution, the determinant of the
matrix equation for the coefficients must be zero. The value of
the wave number a is varied iteratively until this condition is
met. The eigenvalues for decaying waves, a, >0, are found by
integration along a contour in the complex r plane that avoids
the critical point of the Rayleigh equation and its branch cut.
Further details are given in Tarn and Morris.18

For the subharmonic evolution model, the instability wave
frequencies are chosen to be the initially most unstable fre-
quency for each azimuthal mode and its subharmonics. The
initially most unstable frequency corresponds closely to the
observed shedding frequency. The azimuthal modes included
in the present calculations are the axisymmetric, n = 0, mode,
and the helical, n = ± 1, mode. These are observed to domi-
nate the large-scale motions in jets. In the present case, a total
of 75 frequencies are chosen for each azimuthal mode num-
ber. Once again, only the n = 0 and ± 1 modes are included.
These frequencies are taken to be less than the neutrally stable
frequency at the jet exit. It may be argued that higher-fre-
quency components would decay rapidly and not contribute
significantly to the large-scale spectrum farther downstream
In both models, the initial amplitudes of each instability wave
or spectral component are taken to be equal.

From the stored values of [o;/]y or a/(co,«) as a function of
b(z), it is possible to solve Eqs. (22) and (23) or Eqs. (24) and
(25) for given initial values of b(0) and Aj(Q) or A (0;o>,«) by
marching in the axial direction. The results of a typical calcu-
lation are shown in Fig. 1. The operating conditions in this
case are Mj = 0.25, R = 0.25, and 5 = 1. The model used in
this case is the subharmonic evolution model. The axial evolu-
tion of both the n = 0 and 1 instability waves are shown. The
fundamental frequency wave and two subharmonics are used
in this calculation. In this case of relatively low Mach number,
the axial evolution of the axisymmetric and helical models is
similar, particularly in the initial shear layer. Farther down-
stream, the helical mode achieves a greater amplitude. Beyond
the end of the potential core only the helical mode is unstable.
However, the present calculations are confined to the axisym-
metric shear layer surrounding the potential core. At higher
Mach numbers, the stability characteristics of the axisymmet-
ric and helical waves are not similar, and in many cases, the
helical mode dominates. Since only two subharmonics have
been included in this calculation, the axial development of the
mean flow has only been predicted up to the point where the
next subharmonic might be expected to contribute to the en-
ergy exchange with the mean flow. The growth of the shear
layer thickness is seen to proceed in steps with a region of
relatively rapid growth followed by a plateau. This is charac-
teristic of the growth of an excited shear layer. Ho and
Huang11 observed that this plateau occurred following the
pairing of two vortices in the shear layer. It also corresponded
to a saturation in amplitude of the subharmonic frequency.
This is also seen in the present calculations where the first
subharmonic peaks at X/TJ ~ 3, and this is followed by a
region of relatively slow axial growth.

The rate of growth of the shear layer may be obtained by
fitting a straight line to the shear-layer thickness calculations,
excluding the initial development region. This gives db/
dz ~ 0.063 or dbjdz « 0.088. This is consistent with the cal-
culations for the effects of velocity ratio to be shown later.
Different initial jet widths and instability wave amplitudes
have been considered. In the calculation shown in Fig. 1,
b(0) = 0.05 and Aj(0) = 0.01. For the different initial widths
and amplitudes, no appreciable difference was found in the
predicted rate of jet spread. However, some differences were
observed in the initial development region, and the virtual
origin of mixing changed.

Figure 2 shows the predicted axial variation of the half-ve-
locity thickness of an axisymmetric shear layer. The predic-
tions are compared with the experimental measurements of
Lepicovsky et al.5 Predictions are shown for both the broad-
band model and the subharmonic evolution model. The agree-
ment between the predictions and the measurements in both
cases is very good. However, it should be noted that the
present calculations are only valid in the annular mixing re-
gion surrounding the potential core. The observed length of
the potential core was between 10 and 12 diameters. In the
present case, Eq. (7) indicates that the end of the potential
core, where h = 0, occurs at b/rj = 1.28. Thus, it is clear that
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Fig. 2 Variation of half-velocity thickness with downstream dis-
tance: —— subharmonic evolution model; - - - - - broadband model;
• Lepicovsky et al.5; Mj = 1.4; R = 0.0; s = 0.72.

the agreement between the predictions and the measurements
for x/dj > 10 is probably fortuitous. There are two reasons for
this. It is to be expected that, near the end of the potential
core, the jet velocity profile undergoes a transition between its
annular form and the fully developed jet form. Thus, the
mean velocity profile should be a function of both the width
of the jet shear layer and the center line velocity. Also, the
number of amplifying instability waves of low frequency,
included in the present calculations, decreases with axial dis-
tance. This tends to decrease the energy transfer from the
mean flow to the large-scale structures and results in a de-
crease in the rate of spread of the jet. Both of these deficien-
cies could be corrected by a suitable choice of mean velocity
profile in the transition region and the inclusion of additional
low-frequency components in the broadband model or lower
subharmonics in the subharmonic evolution model. However,
the agreement between the measurements and predictions in
the annular shear layer provides a good validation of the
present model.

Figure 3 shows the effect of the choice of initial amplitude
on the evolution of the axisymmetric shear layer. The predic-
tions are again compared with the measurements of Lepicov-
sky et al.5 The broadband model is used in these predictions.
As the initial amplitude of the spectrum increases, the axial
location at which the shear layer begins to spread moves closer
to the jet exit. However, once the initial development region is
passed, the spreading rate of the shear layer is essentially
independent of the initial spectrum level.

Observations in both shear layers and jets have shown that,
as the Mach number increases, the rate of growth of the shear
layer decreases. Bogdanoff19 and Papamoschou and Roshko6

have proposed that the convective Mach number is the proper
parameter to correlate the effects of compressibility on turbu-
lent mixing in free shear flows. The convective Mach number
is defined as the relative velocity between the large-scale struc-
tures and the freestream divided by the freestream speed of
sound. If it is assumed that in a frame of reference traveling
with the large structures there is a stagnation point between
the structure and the flow decelerates isentropically to the
stagnation point, an expression may be obtained for the con-
vective Mach numbers in terms of the operating conditions
alone. It should be noted that experimental observations indi-
cate that this assumption is incorrect and the actual convective
Mach numbers of the structures differ from this isentropic
value (see Ref. 20). In the present calculations, no such as-
sumptions are necessary as the convection velocity of the large
structures is taken to be the average phase velocity of the
instability wave that is dominant in any region. The defini-
tions of the convective Mach numbers are

Mco=- (33)

where c is the average phase velocity of the locally dominant
instability wave given by c = u/ar, and j j and y0 are the
specific heat ratios of the jet and the coflowing stream, respec-
tively. Mcj is the convective Mach number with respect to the
jet, and Mco is the convective Mach number with respect to the
coflowing stream. Unless otherwise noted, 7, = y0 in the sub-
sequent calculations. For convenience, the results in this sec-
tion are presented with respect to a geometric average of the
two Mach numbers following Messersmith et al.21 Thus, the
convective Mach number is taken to be given by

Mc = • (34)
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Fig. 3 Effect of initial amplitude on jet spread rate: ——
A (0) = 0.038; ———— 0.022; - - - - - 0.017; — - — 0.010; • Lepicov-
sky et al.5; Mj = 1.4, R = 0.0, s = 0.72.
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Mach number. Predictions for various values of R and s: o plane; A
axisymmetric; • Chinzei et al.29; A Bogdanoff19; —— curve fit,
Messersmith et al.21

Figure 4 shows the predicted vorticity thickness growth
rates, relative to their zero convective Mach number values, as
a function of convective Mach number. Also shown are calcu-
lations for the two-dimensional shear layer from Ref. 10 and
experimental observations from several investigations. The
agreement between the predictions and the experiments is very
good. As the convective Mach number increases, the relative
growth rate decreases until the convective Mach number ap-
proaches unity. Beyond this value, both the predictions and
the experiments indicate a near independence of the growth
rate on the convective Mach number. However, the predic-
tions for the two-dimensional shear layer continue to fall. This
is because the calculations of Ref. 10 included only two-di-
mensional instability waves. However, it is known that, as the
convective Mach number increases, the most unstable instabil-
ity waves are three dimensional. Thus, it is not surprising that
the two-dimensional calculations underpredict the growth rate
of the shear layer. It should be noted that more recent predic-
tions for the two-dimensional shear layer by Giridharan and
Morris,22 which include three-dimensional instability waves,
also show a leveling off of the relative growth rate for super-
sonic convective Mach numbers. For example, they predict
that 6u(Mc)/6u(0) = 0.4 for Mc = 1.8. The axisymmetric
shear-layer calculations shown here include three-dimensional
instability waves: the helical instabilities. Thus, the model
should be expected to provide valid predictions at supersonic
convective Mach numbers.

It should be noted that other authors, including Sandham
and Reynolds13 and Ragab and Wu,14 have noted the similarity
between the observed relative decrease in the shear-layer
growth rate with convective Mach number and the change in
the ratio of the maximum amplification factor [a/]max at a
given convective Mach number and its incompressible value.
The present calculations make predictions of the actual
growth rate of the shear layer rather than the maximum insta-
bility wave growth rate. Thus, the present comparisons with
experiments are comparing like quantities. However, it is clear
from either Eq. (23) or (25) that there is a close relationship
between the rate of growth of the shear layer and the amplifi-
cation rate of the instability waves. Also, as £3 varies nearly
linearly with shear-layer thickness b and [a/]/& is nearly inde-
pendent of b downstream of the initial development region,
the rate of growth of the shear layer is nearly linear and
proportional to the local amplification rate of the dominant
instability.

As noted earlier, the present calculations make predictions
of the absolute rate of growth of the axisymmetric shear layer.
In the incompressible limit, the rate of growth of both a
two-dimensional and an axisymmetric shear layer are func-
tions of the velocity and density ratio. The present calculations
indicate that the effect of velocity ratio on the growth of the
shear layer is different in the two-dimensional and the axisym-
metric case. Figure 5 shows a comparison between the two-di-
mensional (from Ref. 10) and the present predictions of the
variation in vorticity thickness growth rate with velocity ratio.
Both sets of predictions are compared with experiments and
are shown as varying with the velocity ratio parameter X
defined by

x = - (35)

It may be seen that there are differences between the actual
growth rates in the two cases. There appear to be very few
experimental studies of the initial development of an axisym-
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metric jet in a coflowing stream. However, the measurements
by Morris23 for a circular jet with Mj =0.47 are shown. Both
the experiments and predictions indicate a lower value for the
vorticity thickness growth rate for the axisymmetric shear
layer at all velocity ratios. It should be noted that the agree-
ment between the predictions and experiment in both cases is
extremely good. Since the predictions are based on a model for
the turbulent mixing process that contains no empirical con-
stants, these results give some confidence that the present
models provide a correct description of the important physical
phenomena present in the mixing process.

It is possible to explain the predicted and measured differ-
ences between the two-dimensional and axisymmetric cases if
the choice of mean velocity profile shape is examined. Figure
6 shows a comparison between the predicted two-dimensional
and axisymmetric shear-layer growth rates as a function of
convective Mach number. However, in these calculations, the
velocity profile in the two-dimensional case is also taken to
have a half-Gaussian form as defined in Eq. (29). There is a
very good agreement between the predicted spread rates of the
axisymmetric and two-dimensional shear layers. This is not
unexpected as, in the initial mixing region where the shear-
layer thickness is very small, the axisymmetric shear layer
should behave like a plane shear layer. It should be noted that
in these calculations care had to be taken that the initial energy
levels of the large-scale structures were the same in order to
insure complete agreement between the plane and axisymmet-
ric cases. This meant that the initial values of Af in Eq. (24)
and Bf in Eq. (26) were not the same. This is because, as noted
earlier in Sec. II, they represent different quantities. Thus, the
growth rates of the shear layers depend on the detailed shape
of the mean velocity profile. Experimental observations show
that the choice of mean velocity profile shapes given by Eq.
(29) for the axisymmetric shear layer and Eq. (31) for the
plane shear layer are in good agreement with experiment. It is
clear that, in general, it would be desirable to calculate the
mean velocity profile. The turbulence model would then be
truly predictive in nature. This is discussed in Sec. IV.

Finally, Fig. 7 shows the predicted variation of the vorticity
thickness growth rate with convective Mach number for three
different velocity ratios. The rate of growth of the shear layer
decreases with increasing convective Mach number and in-
creasing velocity ratio. If the predictions were nondimension-
alized with respect to their incompressible values, they would
collapse onto a single curve, as shown in Fig. 4. However, the
method of presentation in Fig. 7, showing the absolute value
of the growth rate, emphasizes that the growth rate is a strong
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function of velocity ratio. This can be as important a factor as
the convective Mach number in setting the actual growth rate.
For example, a shear layer with Mc = 0 and R = 0.5 has the
same growth rate as a shear layer with Mc = 1.4 and R = 0.
There is a qualitative agreement between these predictions and
the experimental observations of Gutmark et al.24 A direct
comparison with the measurements is not possible since the
spreading rate measurements were based on total pressure.
This includes both the velocity and density gradients in the
radial direction. The predicted vorticity thickness is based
solely on the velocity gradient.

IV. Summary and Discussion
From the predictions of this paper, it is clear that the

development of free shear layers is related closely to the stabil-
ity characteristics of the mean flow. The features of the large-
scale structures and their role in the mixing process are pre-
dicted well by an inviscid analysis. This analysis captures the
decrease in the production of turbulent energy as the convec-
tive Mach number increases. The model takes no account of
the details of the energy transfer process from large to small
scales or its eventual viscous dissipation. It should be empha-
sized that the present model captures the important features of
the mixing process in free shear flows. In particular, it predicts
the reduction in mixing that occurs with the increase in con-
vective Mach number. The present model should be contrasted
with other models for compressible turbulent flows, such as
Sarkar et al.25 and Sarkar and Balakrishnan.26 In these con-
ventional Reynolds stress closure models, a simple algebraic
model is used to describe the compressible dissipation. This is
the component of the total viscous dissipation rate associated
with the fluctuating dilatation. This model is based on an
asymptotic theory for low-turbulent Mach numbers and has
been validated against full numerical simulations of isotropic
turbulence (see Ref. 27). However, such models do not cap-
ture the dynamics of the turbulent mixing process that is lost
in the averaging procedure. For free shear flows that are
strongly dynamically unstable, it is likely that the present
model captures the important physics. For other turbulent
flows that do not possess such a strong instability, it is likely
that other compressibility effects, such as those proposed by
Sarkar et al.,25 may be dominant.

The present calculations indicate that the initial rate of
spread of the axisymmetric shear layer is less than that of the
plane shear layer. This is related to the different characteristic
mean velocity profiles in the two cases. It might be expected
that this difference might persist farther downstream as the
axisymmetric shear layer and the developed jet are less dynam-
ically unstable than the two-dimensional shear layer. How-
ever, it is not clear that the contribution to the total Reynolds
stress from the small scale motions might not be significant in
the jet development farther downstream. As noted earlier, the
extension of the present model to this region is possible if a
suitable form for the mean velocity profile is chosen and
sufficiently low frequencies are included in the model for the
large-scale motions. The validity of the model in the developed
jet could then be tested. However, in the initial region of the
jet, both the subharmonic evolution model and the broadband
model are in good agreement with experiments. It should be
emphasized that these models for the development of the
axisymmetric shear layer and the turbulent mixing at the large
scale contain no model constants.

Though the present calculations provide good agreement
with experiment and provide an explanation of the changes in
the turbulent mixing process in compressible shear layers, they
are not a full turbulence closure scheme. Some assumptions
must be made regarding the characteristic shape of the mean
velocity and density field. Recent calculations by Liou and
Morris28 have shown that the models may be implemented in
differential form. In that case, the mean velocity profile is
predicted simultaneously with the large-scale structures.
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Appendix: Definitions
The integrals and coefficients required for the axisymmetric

shear-layer calculation are given by

= gf(f-R)drj

o

i f 0
r
2Jo dr?

df
]-f-ii dr,

where

(I-/?)
2 - (1 - R)(2b2

2- 2(1 -

C3 =

The integrals and coefficients required for the two-dimen-
sional shear-layer calculation are given by

where

/s=

/4 =
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